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1. (a) Induction: n? > 2n + 3 for n > 3.
Solution: Base case: n = 3: 3% > 2(3) + 3, true.
Inductive Hypothesis: Assume for an arbitrary n > 3, n? > 2n + 3.
Then (n+1)2=n?+2n+1> 2n+3)+2n+1=4n+4 >, 2(n+1) + 3.

(b) Let € > 0. Prove there is an n > 0 with 1 < e+ sin? .
Archimedean property = there is n so 0 < % < €, and thus 0 < % < e+sin? .
2. (a) {an}32, and a are given.

Definition: lim, . a, = a <= for any € > 0 there isan N son > N = |a, —a| <e.
Negation: There is an € > 0 so for all N > 1, there is ny > N so |a,, —a| > €.

(b) {bn}52, is increasing. {b,, }7°, converges to b.
Then for any € > 0, there is an N song > N = |b,, —b| <e€,s0b—€ <b,, <b+e
Pick ng, > N. Then n > ny, then {b,}72, increasing implies b—e < b,,, < b, < b, +¢, so |b, —b| < e.
3. (a) glx) =23 +42 -7 = ¢(0) <0,g(2) > 0. Since g is continuous on [0, 2], by the IVT there is a ¢ in
(0,2) with g(c) = 0.
g'(x) = 32% +4 > 0 for all x, so g is strictly increasing, so there is only 1 solution.

(b) f, g is uniformly continuous on D. Let (u,)32, (v,)22; be arbitrary in D with |u, — v,| — 0.

Then |(f + g)(un) — (f +9)(wn)| < |f(un) — f(vn)|+19(un) — g(vn)] — 0, since f and g are uniformly
continuous.

(c) h(z) =1, x> 1. Let e > 0 be arbitrary. To find § >0so [z —3| <4, z>1 = ‘%—%‘<e.
Note if 6 = min(1,¢€), then [z — 3| < § =

<€

LY Bosl el
x 3 Bz — 3 3

4. (a) f(z) = % Want f/(4) by definition.
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(b) g(z) =z, 2>1 = ¢'(z) = 2= > 0 for x > 1, so g is strictly increasing, so g~! exists.

2Vz
g(4) =v4=2. So, (¢g71)'(2) = ﬁ =4.
(¢) MVThm: Let f : [a,b] — R be continuous, and differentiable on (a,b). THen there is a ¢ in (a, b)
with f/(c) = {812,
If f(x) =z + 2% 1 <z <4, then f satisfies the conditions of MVT, so there is ¢ in (1,4) with
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5. (a) Assume f is bounded on [a,b]. Then
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(b) g(z) = 23 for 1 < x < 2. Show g is integrable.
Solution: let P, is a regular partition of [1,2], with gapP, = 1. Then U(yg
Do Mgy = 30 misy = 5 30 (My = ma + My —ma - 4+ My —mn) = 5
the archimedes riemann theorem g is integrable.

7Pn) - L(faPn) =
Mn—ml)—>0. By

(c) g(x) = 1 s—o Then g is continuous on [0,2) and bounded on [0, 2].
Then f02 g(z)dr = f02 2?de = 1(2)° = 5.
6. (a) F(z)= [7"(3—-1?)dt = F'(z)=(3
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