Lecture 39: Power Series

39 Power Series

Suppose >_p-; aj converges. What do we know about {ax}7 ;7 limg_,oo ar = 0 and {ax}3>; bounded.

Note 39.1
Recall 377, aj, converges absolutely if Y 7° | |ag| converges, Y 7~ | ai converges conditionally if 77 | |ax|
diverges. (Ex. > ;7 (=1)%1)

Definition 39.2
Let f(z) = Y pe,ckz®. The domain of of f is all  such that >, cxaz® converges. We say the power
series expansion of f is Y -, cxz* (about z = 0).

Theorem 39.3 (Thm 9.40)
If f(x) = > 5o, ckx® converges for z = s, then is conveges absolutely for |z| < [s|.

Proof. If f(s) = 7, cxs® converges, then limy_, o cxs* = 0, so there is an M < oo so |¢;s¥| < M for k > 0.

k k k
Let [z < |s|. Then > 57 [exa®| = 307 lenlls®|2] < SpooM|%| =M Y2, ‘f‘ which converges by the
geometric series test.
So Z;‘;O cxz® converges by the comparison test, and converges absolutely. O

Corollary 39.4

Each power series Y po  cxa”

converges in one of the 3 ways:
1. Converges only for z = 0. Ex: Y7 z¥

2. Converges for all z. Ex: > p- g,”c—’,c

3. Converges for all |z| < r. Diverges for all |z| > r, where 0 < r < 0.

Definition 39.5
If 3" cpa® converges for |z| < r, diverges for |z| > r, then r is the radius of convergence of the power
series.

So, for 1, r =0, for 2, r = oo.

Definition 39.6
The interval of convergence of Zzozo cxx®, denoted by I, is all  for which the power series converges.

Possibilities: I = {0}, I = (=00, 0), I = [—r,7],[=7,7),(=r,7], (—=r,7), with 0 < r < oco.

Example 39.7
Ik
Zl?;o 2F

k+1 jok+1
By ratio test: |Z—.2

zk [2k
ForI: 2 =2 = Y 7, %:— = > po 1 diverges by the kth term test.

z=-2 = >, (%2221 =Y 1o (—1)F diverges by the kth term test.
So, I =(-2,2).

=l < 1if o) <2, > 1if [2] > 2,50 = 2.
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Example 39.8

D _;3,f By the ratio test:

(—1)k+1xk+1/(k+1)ek+1 _m k _}m
(=1)xk /z3* 3 k+1 "3

So for the same reasons as before, r = 3.

k k
ForI: 2=3 = ) 1o, k;,f’ Zzozl % conerges by alternating series test.

r=-3 = > % >3 ng =" 1 by kth term test.
I=(-3,3].

If we have 77 ¢z, then L (307 cra®) = 300, L (cpa®) = 337, kepa® 1. Note here that k = 1.

Theorem 39.9 (Thm 9.41)
Let f(z) =Y pe, cka® with r > 0. Then f'(z) = > p, kegaz®~1 has radius 71, and rq = r.

Proof. First, show r; <r. Let 0 < [t| < r. Show |t| < ry.
There is s with [t] < |s| < 7. Then Y ;o cxs” converges (by Thm 9.40)
Then there is an M < oo with |cksk| < M for all £ > 0.

k—1
Then 277, lekt* ™| = i 3272, hews®|| £ < 3272, ko 4

Ratio test:

(k+D)M(t/s)*| k41|t
| et

t
kM (t/s)F—1 ks ‘

— f‘<1
S

So the series > p- | |erpkth 1| converges, so > p-; cikt* ! converges absolutely.

So |t| <r = |t| <r1,s0 7 <7y
Proof that r; < r is in lecture notes, so ry = 7.

Note 39.10

I, € I, and I; may not be I.

Example: f(x) =2 Ratio test: xkﬂ/(kﬂ)‘ = |z|& — |2|. Then r =1, I = [-1,1).
P k=1 T T R E+1 ) J

fllx)y=>Yr 2" sor=11LH=(-1,1),s0 I C I, but I # I.
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