
Lecture 37: Uniform Convergence of Functions

37 Uniform Convergence of Functions

Example 37.1 (Exercise 9.2.1)

fn(x) =
1− |x|n

1 + |x|n
→


1 |x| < 1

0 |x| = 1

−1 |x| > 1

pointwise

Note that fn is continuous for all n ≥ 1, but f is not continuous.

Definition 37.2
Let fn : D → R and f : D → R.
Then {fn}∞n=1 converges uniformly (on D) to f if for any arbitrary ϵ > 0, there is an Nϵ so that if
n ≥ Nϵ, then |fn(x)− f(x)| < ϵ for all x in D.

Suppose fn → f uniformly on D. Pick any x0 in D. Then for any x0 in D, fn(x0) → f(x0).
Thus fn → f uniformly on D =⇒ fn → f pointwise on D.

Theorem 37.3 (Thm 9.31 **)
Let fn : D → R be continuous on D for n ≥ 1. Let fn → f uniformly on D. Then f is continuous.

Proof. Let ϵ > 0 be arbitrary. Since fn → f uniformly, there is Nϵ so n ≥ Nϵ =⇒ |fn(x)− f(x)| < ϵ
3 for x in

D.
Pick an arbitrary x0 in D. We will show f is continuous at x0.

Note that fNϵ
is continuous at x0.

So, there is δ > 0 so that |x− x0| < δ and x in D =⇒ |fNϵ
(x)− fNϵ

(x0)| < ϵ
3 .

Then, |f(x)− f(x0)| ≤ |f(x)− fNϵ
(x)|+ |fNϵ

(x)− fNϵ
(x0)|+ |fNϵ

(x0)− f(x0)| < ϵ
3 + ϵ

3 + ϵ
3 < ϵ.

So, f is continuous at x0, so it is continuous.

Example 37.4
Let gn(x) = xn for 0 ≤ x ≤ 1

2 and n ≥ 1. Find f so fn → f uniformly on [0, 1
2 ].

Solution: Note: 0 ≤ x ≤ 1
2 =⇒ |gn(x)| = |xn| ≤ 1

2n → 0. Let g(x) = 0 for 0 ≤ x ≤ 1
2 .

Then |gn(x)− g(x)| = |gn(x)| ≤ 1
2n → 0. So gn → g uniformly on [0, 1

2 ].

Example 37.5
Let fn(x) =

∑n
k=0

xk

k! . Let f(x) = ex, and let 0 ≤ x ≤ 1. Show fn → f uniformly on [0, 1].

Solution: Note: |f(x)− fn(x)| = |f(x)− pn(x)| = |Rn(x)| ≤ |f(n+1)(cx)|
(n+1)! |x− 0|n+1.

|f (n+1)(cx)|
(n+ 1)!

|x− 0|n+1 ≤ ecx

(n+ 1)!
≤ e1

(n+ 1)!
→ 0

So |f(x)− fn(x)| ≤ e
(n+1)! → 0 for 0 ≤ x ≤ 1. So fn → f uniformly on [0, 1].

Guiding Question
Suppose gn(x) =

∑n
k=0

xk

k! , g(x) = ex, for all real x. Then does gn → g uniformly on R?

Note that here, |Rn(x)| = |g(n+1)(cx)
(n+1)! |x|n+1 = ecx

(n+1)! |x|
n+1 → ∞ as x → ∞ and n not too large. So, no.
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Theorem 37.6 (Thm 9.32)
Let a < b, fn integrable on [a, b], fn → f uniformly on [a, b]. Then f is integrable and

∫ b

a
fn →

∫ b

a
f .

Proof. Let ϵ > 0. Then fn → f uniformly =⇒ there is an Nϵ so |fNϵ(x)− f(x)| < ϵ
3(b−a) .

Since
∫ b

a
fNϵ

exists, there is a P = {a = x0, · · · , xn = b} with

|U(fNϵ , P )− L(fNϵ , P )| < ϵ

3

Also,
|U(f, P )− U(fNϵ

, P )| < ϵ

3

and
|L(f, P )− L(fNϵ , P )| < ϵ

3

Then,

|U(f, P )−L(f, P )| ≤ |U(f, P )−U(fNϵ , P )|+ |U(fNϵ , P )−L(fNϵ , P )|+ |L(f, P )−L(fNϵ , P )| < ϵ

3
+

ϵ

3
+

ϵ

3
< ϵ

Thus f is integrable on [a, b] by Archimedes Riemann Theorem, and
∫ b

a
fn →

∫ b

a
f .
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