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36 Convergence Tests (Root Test), Pointwise Convergence

Alternating series test: Let {ax}72; be monotone decreasing, limy_,o, ax = 0. Then Zz';l(—l)kak converges.

Also, '
e’} J
’ Z(—l)kak — Z(—l)kak‘ < aji1
k=1 k=1

For any j > 1, where a;; is the truncation error.

Proof.
o0 J
‘ > (=D*ay - Z(*l)kak’ = [(aj+1 — aj42) + (@543 — aj4a) + - - |
k=1 k=1
All (aj41 — ajy2),-- - are positive, so
|aj41 — @jp2 + ajps — Gjpa + | = a0+ (—aj2 F aj43) + - <
Because all —aj42 + aj43,- - are negative. O

Example 36.1

Given Y 77 (—1)F . Find the smallest reasonable j so that | > 77, (—1)*a;, — Zizl(—l)kak < 185

Solution: to find j so aj41 < ﬁ. This is equivalent to 100 < (j + 1), or 10 < j + 1, , 50 9 < j, so let j = 10.

Root Test: Consider Zgozl ap with ap > 0 for all k. If limkﬁoo(ak)l/’C = L, then series converges if L < 1,
diverges if L > 1, and inconclusive if L = 1.

Proof. if L < 1. Let 0 < L < 1, and let L < a < 1. Then limkﬁoo(ak)l/k = L = thereis an N so
k>N — (ak)l/k < a.

Then ay < a® for k > N, so Y oo yar < Spoyak. Y22y a” converges (a < 1) by the geometric series
test. So > ,o n ax converges by the comparison test.

So >"r2, aj converges. O

Example 36.2
Show > 77, kg—z converges.

Solution: Root test:

So series converges by the root test.

Example 36.3 (Exercise 8.1.8)
Suppose > p-; ak, Y pey by are positive series, and limy_, o 32 =L with0< L <oo.
Then Y77, ay converges iff Y 72 | by, converges.

Proof. Let € > 0 be arbitrary with L — ¢ > 0. Then there is an N so that (L — €)by < ax < (L + €)by.
SO oo o0 o0
(L—e) Zbk < Zak < (L—‘rE) Zbk
k=N k=N k=N

So Y72 | by converges iff Y 7o | ay. O
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Example 36.4
Consider ;7 | ¢ and Y ;7 ; sin +. Then

. sing . sinz _ cosw
lim = lim = lim =1
k—oo 1/k z—0 T z—0 1

Since ;7 + diverges, then by Ex 8.1.8, 377 sin  also diverges.

Definition 36.5
If Y72, ai converges, then Y~ | ai converges absolutely if "7~ |ax| converges.

And >"77 | converges conditionally if Y7 | |ay| diverges.

Note 36.6
> pei(—1)F+ converges, and Y7, )(—1)’“%‘ =Y po, ¢ diverges, so >p2  (—1)* converges conditionally.

kL

Spe1(—1)*% converges, and Y ;7 ; ‘(—I)kk—l2 = Yo 7= converges, so > - (—1)F; converges abso-

lutely.

36.1 Section 9.2

Definition 36.7
Let f, : D - Rforn > 1, and f : D — R. Then f, converges pointwise to f (f, — f pointwise) if
fn(x) = f(x) for all x € D.

Example 36.8
fa(x) =2™ for 0 <z < 1. Find f so f, — f pointwise on [0, 1].

0 0<z<l1
1 z=1
Then f,, — f pointwise. Note: f, is continuous for all n, but f is not continuous.

Solution: lim,, o fr(z) =01if 0 <z < 1, and lim,,,~ fn(1) = 1. So f(z) =

Example 36.9
Let f,,(0) =0, fn(1/n) =n, fo(z) =0 for 2 <z <1, and f, linear on [0, 1] and on [1, 2].

Then
2

! 1
/0 fn(x)dr = i(n)n =1l

for all n.
Let f(z) =0 for 0 <z < 1. Then f, — f pointwise, but fol fn A fol f=0.

Note 36.10
If a function is continuous except at a finite number of points, then it is integrable.
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