Lecture 33: Name of Lecture

33 Name of Lecture

Theorem 33.1
Let f: I — R, I open interval, with 2 in I. Assume f()(z() exists, for all n > 0.

If there are r > 0, M > 0 with |f(™(x)| < M™ for all  in I, with |z — z¢| < 7, and n > 0, then
lim Rn(z) =0

for all z in I, so

k!
k=0
Example 33.2
f(z) = e*, xog = 0 implies
(n+1) . @
lim R,(x)= lim fi(cl)(x —0)""! = lim 6730 "t =0 forall x

Suppose g™ (2)] < M"L for n > 0 if |z — 29| < 7|. Then

|g(n+1)( )|| ‘n—&-l < ‘Mn-&-lL
(n+1)! “I(n+1)!

[R(2)] = |1z = @l

Example 33.3
Let g(z) = €2*. Show lim,, o R, (x) = 0 for all z.

Solution: ¢'(z) = 2¢%*,---, and |¢g"* D) (x)| = 2"*1e?*, s0 |R,(2)| < % |z|" Tt — 0
Let f(z) = In(1 + ). To find the power series for In(1 + z) for —1 < z < 1.
prtl ptl

=l bt s = 3 2t

If x = —r, then
n
1)n+1xn+1
Py = L T =) o

k=0
Show lim,, o Ry (z) = 0. Then

x 1 T n (_1)n+1tn+1
In(l+z) = —dt:/ B L I R
(o) =] 175 ) (Z( ) 1+t

k=0

n x T (_1 n+1tn+1 n k+1 T tn+1
:Z/ (—1)ktkdt+/ Ldt:Z(—l)kx +(—1)"+1/ ———dt

Does the right term go to 07

Case : 0 <z <1(0<t<x<1). Then

x tn+1 x xn+2
/ dtg/t"*ldt:7—>0
0 1 +t 0 7’L+2
Case 2: —1 < z < 0. Then,

1 1 Ithrl Ithrl 1 xn+2
r<t<0 = — < :>/ dtg/ dt = —0
1+t~ 142 o 1+1 o 1+ l1+xzn+2

Thus,

> +1

n(l+z) Z

k=0

—



Lecture 33: Name of Lecture

33.1 Section 8.6
Let

e~1/a’ x#0
f<x>={0 tr

Show f(™(0) = 0 for n =0,1,2.

As |z| = oo, then el 5 0 = 1, and the graph of f is symmetric with respect to the y axis.

Steps, 1. For constant ¢ > 0, e =1+ c+ 22:+--~+n%+--~>c—

n!”

Let z # 0, n > 0. Then /%" > (1/z2)n =1 soe /" < pla?n

nlen ’

—1/22 22"
If £ < 2n, then lim,_,q el i < hmx_,o | ‘k = lim,_,o nlz?"—F = 0.

2.

3.

4. Let k=1,n=1, so k < 2n. Then |f'(0)| = lim, _,O‘f(m =/(0) ‘ = lim, ,q &
5. Use chain rule to find f'(z), z #0. f'(v) = 5 2 e=1/a",

Let k=4, n=31in 3: Then f”(0) = lim,_,q M = lim,_q f/g(f) = limz_q —e‘l/z = 2lim,_,¢ & l
< 2lim, 0 3!x[67% =0

7. One can similarly show that f(*)(0) = 0 for & > 0. Then for every taylor polynomial p,, of f about 0 is just
pn(z) = 0 for all z.

\I 70by3
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