Lecture 31: Taylor Polynomials, Lagrange Remainder Theorem

31 Taylor Polynomials, Lagrange Remainder Theorem

Recall Proposition 8.2: Let zy be in an open interval I, f: I — R with n derivatives at x.
Then there is a unique polynomial p,, of degree < n with contact of order n with f at xq:
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Example 31.1
h(z) =In(1 + ) for > 1. Find p5 with zo = 0.
Solution: h(x) = In(1 +a), h'(x) = 5. ' (2) = qray, B = qhas, B (@) = gl BO(@) = 7l
h(0) = 0, h/(0) = 1, " (0) = —1, h®(0) = 2, KD (0) = —3!, h®)(0) = 4.
So,
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Note: let g(z) = In(1 — z) for z < 1. Find p;s if 20 =0
g0) =15, 9"0) = 7=,
ps(x):—x—%—%j_..
Example 31.2
f(z) =e*, 2o = 0. Find p,(x).
Solution: f*)(z) =e* = f*)(0) =1 for k > 0.
f”(O).’EQ f(n) (0) 2 "
pn(z) = f(0) + f(0)z + TR - =1+x+§+---+ﬁ
How about fi(z) = e**, 29 = 0?7 Find p,(z).
Solution: £ (z) = 2¥e2* so f*)(0) = 2%, So p,(z) =1+ 2z + 22—2;332 44 Zan

Recall if f(x) =sinz, o = 0, then f(z) =z — é—? + & -

Example 31.3
g(x) = cosz, zg = 0. Find pg(x).

Solution: ¢'(z) = —sinz, ¢"(z) = —cosz, g (z) = sinz, g (z) = cosz.
g™ (0) =1,0,-1,0,---

Recall the Cauchy MVT (Thm 4.23).

Let f, g be continuous functions on [a, b] to R, and differentiable on (a, b).
Let g(a) # g(b) and ¢'(x) # 0 for a < & < b. Then there is z( in (a,b) with
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Lemma 31.5 (Like Thm 4.24)

Let f("*1 exist on an open interval I, and 2o in I. Assume f*)(2y) = 0 for & = 0,1,2,--- ,n and
f("“)(xo) #0. Then z in I, x # xo implies there is a ¢, between x and x( so that
_ f(n-l—l)(cw) n+1

Theorem 31.6 (Lagrange Remainder Theorem (8.8) **)
Let f(»+1) exist on a neighborhood of xy in the open interval I. Then
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Where R, (z) = %(w — )" is the nth Taylor remainder for f.

Proof. Note that f(x) — p,(«) has kth derivative = 0 at z( for k =0,1,--- ,n (because f and p,, have contact

of order n), and note that pglnﬂ)(x) = 0 for all z because p,, is an nth degree polynomial.

So by the lemma, f(z) — pn(z) = %(z — zo)" ! O

Note 31.7
From the Lagrange Remainder Theorem, f(z) = pn(z) + Rp(z). If R,(x) < 0, then p,(x) > f(z). If
R, (z) > 0, then p,(z) < f(x).

Example 31.8
If f(z) = e*, g = 0, then by the Lagrange Remainder Theorem,

.%2 xn 60”
= = 1 — coao _ n+1
f(x) =pn(z) + Ry () ( +x+ 50 +-+ n!) + (n+1)!x

Note that the remainder goes to 0 as n gets large, because factorials grow faster than exponentials.

Example 31.9
e is irrational.

Solution: Assume e = “* for m,n integers, n > 2 to get contradiction.

Then

0=" {1414t st ) (e
T n 2! 3! n! (n+1)! " (n+2)!

Multiplying by n!:

0:(%71!)—71! [1+1+21!+---+H _("!)[(nil)!+(ni2)!+m]

Everything here is an integer except (n!) {m + ﬁ 4. } Contradiction.

Example 31.10
f(z) =sinz = derivatives at any = are: |f("*1)(c,)| < 1 since | +sinc,| < 1, | £cosc,| < 1.

(n+1) N
So, |Rn(z)| = Mh:'n-&-l < lal A

(nr1)! iy — 0
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