Lecture 30: Taylor Polynomials

30 Taylor Polynomials

Definition 30.1
Let I be an open interval, g in I. Let f: I - R, g: I — R.

Then f and g have contact of order 7 if f, g have n derivatives at o, and f*) (z9) = g (z¢), fork =1, - - -

.

Note 30.2
When we say f and g have contact order n, then f("*1 (zq) # g+ (z).

f and g have contact of order 0 if f(z¢) = g(x0), but f'(x0) # ¢'(x0).

f and g have contact of order 1 if f(xg) = g(xo), f'(z0) = g’ (x0).

Example 30.3
f(z) = 23 + z, g(x) = sinx, z real. Find contact of order n with z¢ = 0.

Solution: f(z) =%+, f'(x) = 322 + 1, f"(z) = 6z, f® (x) = 6.
g(z) =sinx, ¢'(z) = cosx, ¢ (x) = —sinx, g3(x) = —cosz

So f(0) = 0= g(0), f/(0) = 1= g'(0), f"(0) =0=g"(0), fP(0) =6#—1=g®0).

So we have contact of order 2.

Example 30.4
f(z) =1, g(z) = cosz for all z. Find the contact of order n at xg = 0.

Solution: f(z)=1 = f'(z) =0= f"(x)
g(x) =coszx, ¢'(x) = —sinzx, ¢"(x) = —cosz.

Then f(0) =1 = g(0), f'(0) =0=g'(0), f"(0) =0# —1 = g¢"(0). So contact of order is 1.

Proposition 30.5 (Prop 8.2)
Let xg be in an open interval I, and f : I — R with n derivatives at xg.

Then there is a unique polynomial p,, of degree < n, with

fll (l‘())

o (F = %0)" +-+

Pn(z) = f(z0) + f'(z0)(x — x0) +

For x near xg, x in 1.
Then p,(x) is the nth taylor polynomial for f.

Proof. Let x¢ = 0 for simplicity. Then to prove p,(z) = f(0) + f'(0)z + f’;(!o)ﬁ N &@wn.

n:

— 2 n _ ™o
Let pp(x) = co + c1z + cox® 4 - - - + cu”. Show ¢ = 07—,k =0,1,--- ,n.

Note that p,(0) = ¢o = f(0).
Next, p'(z) = ¢1 + 2cax + 3¢z + - -+ + ne, ™1 Then pl,(0) = ¢1 = f(0).
Next, p”(z) = 2¢3 + 3lesz 4+ 4(3)cqa? + - -n(n — 1)eaz™ 2. Then p//(0) = 2c5 = £(0), s0 ¢ = £ 2(!0).

Etc. "
p®)(0) = fT(O) for k =0,1,---n. This yields the desired formula for p,,.




Lecture 30: Taylor Polynomials

Example 30.6
f(x) =sinz, 2o = 0. Find p,.

Solution: f(x) =sinz, f'(x) = cosz, f’(x) = —sinz.

Example 30.7
f(x) =342z — 2% = —2® 4+ 22+ 3. Find po, p3 if 29 = 4.

Solution: f(z) — 22 +2x + 3, f'(z ):—2m+2 f”( )= -2, fO®)(z)=0.
f) =5, f'(4) = =6, f"(2) = -2, fP(2) =

2

pa(x) = =5 = 6(x — 4) = S (z — 4)*
Example 30.8
f(z) =sinz, g = 0. Find p7, ps, pog.
Solution: f'(z) = cosz, f(x) = —sinz, f®(z) = —cosz, f¥(z) = sinz.
Derivatives of f for n =0,1,2,--- is 0,1,0,—-1,0,1,0, —1,
1 1.
pr(z )*0+x+0+—§m +0+—x +Ofﬁx
Note that p; = ps,
_ L 99
pog () —O—|—-'-—@x
Example 30.9
h(z) =In(1 + ), x > 0. Find p5 with zg = 0.
Solution: h(z) =1In(1+z), ' (z) = 1+w, h'(z) = ﬁ, hB) () = ﬁ, ) (z) = (1;731!)4, RO (z) = ﬁ
R(0) = 0, 1/(0) = 1, " (0) = —1, h®)(0) = 2, KD (0) = —3!, h®)(0) = 4.
1 2 5 3, 4 2 2 ot b
p()—O—Hc—Ex +§x ik +5':r —x—?—i—?—z-kg



	Taylor Polynomials

