Lecture 16: Derivative Rules

16 Derivative Rules

Example 16.1 (Problem 4.1.14)
f R — R is differentiable at xg.
Then

lim f(xo+h)— f(zo—h) — lim <f($o+h)—f(f€o)+f($0)—f($o—h)>

h—0 h h—0 h h

— lim f(xo +h) — f(z0) 1 lim f(xo — h) — f(z0)
h—0 h h—0 —h

= f'(z0) + f'(w0) = 2f'(x0)

16.1 Differentiation Rules

Assume f'(zg) and ¢'(zo) exist.

1. Sum Rule:
T—T0o r — X9 T—To r — 2o T — o
So, | (f +9)'(x0) = f'(w0) + ¢/ (o)

Note 16.2
Proposition 4.5 ** states that if f’(zq) exists, then f is continuous at zg.

2. Product Rule
f@)g(@) = fao)glae) _ | J@)g(e) = [@)glao) | [@)glro) — J(zo)glwo)

$11>H;0 T — Xo T—To T — Xo T — Xo
= lim f(z) <—g($) — g($0)> + lim [—f(x) — f(xo)g(xo)
T—To Tr — X T—To r — X
= lim f(z) lim 9(x) = 9(zo) + lim f@) = f(zo) lim g(zo)

T—xQ T—To r — X T—xQ r — X T—T0

= f(z0)g'(x0) + f'(x0)g(x0)

So, | (f9)'(x0) = f(x0)g'(w0) + f'(w0)g (o) |
Note 16.3
If ¢'(x) exists and ¢'(zo) # 0, then
1\ o Yg@) —1gwo) . [g@o)—g) 1 ] g(x0)
(5)0“”‘$$o s ‘15%[ 1—20  9@)9@)]  (9(0)?

3. Quotient Rule: If g(z) # 0 for all  in the neighborhood of ¢, then

([)’:sﬂxwf%xw-—f@mw%x@
g (9(x0))?

For the proof, use g(x) =(f (m)ﬁ) and use the Product Rule with the note above.

Note 16.4
All polynomials and all rational functions are differentiable.
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Example 16.5
f(z) =32 — 28+ 712 —4 = f'(z) =452 — 625 + 7

(z®+1)(22)— (22 —5)(3z2)
CER

2_
9(@) = &7 = ¢'(z) =

Theorem 16.6 (Thm 3.29)
If I is an interval and f : I — R is strictly monotone on I, then f~! is continuous.

Theorem 16.7 (Thm 4.11)
Let I be a neighborhood of xg, let f: I — R where f is continuous and strictly monotone.

Assume f’(zg) exists, but f’(z¢) # 0. If f(x0) = yo, then (f~1) (yo) = m

Proof. Let f(zo) = yo, so f~(y0) = zo. Let yn — yo.
Then z,, = f~*(yn) — w0 by Thm 3.29

Then
F7 yn) = f o) w0 — w0 __ Tan—%0 1 N 1
Yn — Yo Yn — Yo f(xn) - f(xO) M f/(mO)

Tp—TQ

Example 16.8
g(z) = 2" for x > 0 and n > 1. Show (¢~ !)(z) exists for z > 0, and find a formula for it.

1 1

Solution: g is one to one, so g~ exists and g~ is strictly increasing.
Also, g~ ' (y) =z = y'/™ for y > 0.

Then

Example 16.9
Let f(z) =sinz for 5 <z < Z. Find a formula for (f~1)'(y) for -1 <y < 1.

Solution: sinz is strictly increasing on (—%, %), so f~! exists on [—1,1].
Let y be in (—1,1).

Then 1 1 1 1 1
—1\/ — = = = =
(f7) () f'(x) % sinx  cosx \/1 —sin’x \/1 -y

since y = sinx

Theorem 16.10 (Chain Rule - Thm 4.14)
Let f: 1 - R, g:J— Rwith f(I) C J. Assume f'(x¢) exists, and ¢'(f(zo)) exists.

Then (g o f)'(zo) exists, and (g o f)'(z0) = (¢'(f(20))) /' (z0)

Proof. partial proof where f(z) # f(zo) for all z near xy.



Lecture 16: Derivative Rules

Let f(z) =y, f(xo) = yo. Then if z,, — xq, then

(90 17(e0) LD =00 _ stfla)~ o) (410

T =To Y—1Y T — X0

Example 16.11
h(z) = (1 — 22)3/2. Find A’ (x)

Solution: Let f(x) =1 — 22 (inner function), and let g(z) = 2%/ (outer function).

Then h(z) = g(f(x)), so by chain rule, ¥ (z) = (¢'(f(z))f'(z) = 3(1 — 2?)/2(—2z)
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