Lecture 15: Derivatives

15 Derivatives

15.1 Derivatives

Definition 15.1
If I is an open interval and contains xg, then the interval is a neighborhood of z.

Definition 15.2
Let f be defined on a neighborhood of xy. Then f is differentiable at x if

L @) = (o)

T—x0 r — X

exists as a number. Then we write

i 1@ = fo)
Tr—To T — X
Note that if
! - =
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f is a differentiable function if f'(z() exists for all zy in the domain.

Example 15.3
f(z) = \/x is not a differentiable function because f’(0) does not exist.

f(z) = ¢, constant for all z, means that f/(xo) = limy_,, %ﬁémo) = limy 4, 7= = 0. So, f'(z) =0 for
all z.

f(x) = 2™ for all 2, n € N means that f'(zg) = nzj " for all x5 € R.
Solution:

n __ .n _ n—1 n—2 n—1
flao) = lim D=5y @ m)@T AT w0t )

Tz T — X 0 T — Xo

_ .n—1 n—1 n—1 __ n—1
=x5 +x5 +---+x) = NI,

So, we have that f(z) =c = f/'(z) =0, and g(z) = 2" = ¢'(z) =na" ! foralln € N

Note 15.4
h(z) = ca™ = h'(z9) = lim S R . cap~!
T—>T0 €T — xo T—To X — QL’O
So, h(z) = cx™ = h'(x) = ncx™!
Example 15.5
h(z) = vz = h'(z0) = ﬁ
Solution:
- V%o — /To JTo - 1
W(wo) = tim YEZVE _ oy (VB VEIWVEE VI S =
T—=zTo T — X T—To (ZC = 1‘0)(\/3? + \/1‘0) T—To (LL’ = 1‘0)(\/5 + ,/ZII()) 2\/xq

1 x>0
fl@)=lz| = fl(z) =1 -1 <0

DNE z=0

Solution: xg > 0 and zg < 0 are obvious.
[z1-0 121" 4oes not exist: lim Lzl
z—0 T o r—0,2>0

xo = 0: lim,_,q = lim,_,q =1, and lim; 0 z<0 %l =-1
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Note 15.6

i £ = f@o) _ o fleo+h) = fzo)

if h=xz— xg
z—xo T — T h—0 h

From this equivalent definition of the derivative, we can find that

inh
sinh _

lim
h—0

And also that

liml_COSh—lim 1—coshl+cosh _ lim sin® h 1 ~ im sinh sinh —0
K50 h ) h  14cosh/) hr>0 h 1+cosh) hoo\ h 1l4cosh)

Example 15.7
g(x) =sinz = g is differentiable.
Solution: For xg,

. si + h) —sinzg
, _ sin(xg
9 (x0) = Jim ===
. sinxgcosh + sin h cos xg — sin zg
= lim
h—0 h
sinxzg)(cosh + 1) i sin h

= lim ( lim COS T
h—0 h h—0 h 0

= COS Tg

Similarly, g(x) = cosh = ¢'(x) = —sinzy.

Definition 15.8
Tangent line: Assume f’(z) exists. Then the line L tangent to the graph of f at (zo, f(z0)) has the

formula
y — f(zo)

T — X

= f'(20)

Example 15.9
f(z) = /x. Find the tangent line L tangent at (4,2).
Solution:

By our earlier example, we know that f'(4) = == = =.
Then L is given by

Theorem 15.10 (Proposition 4.5 **)
If f'(xo) exists, then f is continuous at xg.

Proof. Note lim,_,,, f(z) = f(zo) < limy_., (f(z) — f(z0)) =0.

lim (f(z) — f(zo)) = lim L& =F@) oy (lim f(x)_f(“’“)) (hm (x—m0)> =0

Tr—xo T—xTo xr — [L’O Tr—xo xr — QEO Tr—xo

So, f is continuous at zg.

Note that the converse is false. Example: g(z) = ||
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