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38 Hoffman Ratio Bound, Kneser Graph

Lemma 38.1

If G is d-regular, d =Xy > Aa, -+ > A\, and @5 = 2?21 a;U;, then a1 = ¥ - Ts = %

Proof.
T - fg = T - (Z aiﬁ}) =a1 (¥ - %) =a1(1) = ay
i=1

Morover for A\; = d, we know it corresponds to eigenvector (1,1,---,1)7.
Normalized, we get that v; = ﬁ(l, 1,---,1)T. So,
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Lemma 38.2

Let Zg be the characteristic vector as before.
Then
T5AZs =0

Example 38.3
Take the following graph and independent set:

01100 0]t "
1010 1 1]]0 Yo

. 1101 0 of o] g
= ATs=10 01 0 1 o] 1]~ |u
01010 1|]0 ys
0100 10|t Ye

Here, note that row 2, or s, is the number of vertices in the independent set that vertex 2 is adjacent to.

Proof.
U Y1
ngfS = Zr = [.731 e len]
Yn Yn
If z; = 1, then ¢ is in the independent set. Then y; = 0 since ¢ can’t be adjacent to anything in S. Then,
z:y; = 0.
Else if x; = 0, then x;y; = 0. O]
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Theorem 38.4 (Hoffman ratio bound)
If G is a connected d-regular graph with eigenvalues d = A\; > --- > )\, then
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Example 38.5
Take the petersen graph, which has eigenvalues {3, (1)(®), (—=2)*¥)}.
By the Hoffman bound,

10
a(G) < g 4
=2
Equality can be obtained by construction.
Proof. Let v, --- , U, be an orthonormal basis of eigenvectors, and let s = 2?21 a;U;.
By lemma 3,
0 =Zs - (AZs)

s
I
—

M:

e

2
)\ia/i

Il
-

3

|

i=1

= G%Al + Z )\10%2
= (S|> )+ Z \ia? by lemma 2
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:E‘S|2+)\"(|S|_a:{) by lemma 1
d 2
:E‘S|2+>\n (|S 151 ) by lemma 2
d 2
= 0> —|SP2+ S| - Anﬂ
n n

d
= —|5| > E\S| + A\n

Because \,, — d is negative.
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Definition 38.6
The kneser graph K(n,r) is a graph whose vertices are the subsets of size r of [n] = {1,2,--- ,n}, with
two vertices (sets) adjacent i f and only if the orresponding sets have no elements in common.

Example 38.7
K (5,2) looks like the following:

(2%
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K(5,2) is the Petersen graph.

In general, K(n,r) is on (f) vertices, and is (";T)—regular.

Theorem 38.8
The distinct eigenvalues of K (n,r) are

This means that the most negative eigenvalue of K(n,r) is

(07

i.e. the eigenvalue that occurs when i = 1.
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